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hen a sound enters the ear, it exerts a pressure against 
the eardrum, causing it to vibrate.  This vibration is 

then transmitted through bones in the ear to the cochlea.  The 
cochlea is crucial for hearing; it is the part of  the ear where the 
pressure generated from a sound wave is converted into an electric 
nerve signal that is sent to then the brain.  The cochlea can take a 
wide spectrum of  sound waves that vary in amplitude (loudness) 
and in frequency (pitch), and turn them into signals for the brain.  
The basilar membrane, which divides the cochlea in half, is dis-
placed due to the excitation at the entrance to the cochlea.  The 
displacement of  this membrane is determined by the pressure 
difference across the membrane.  For single frequency excitation, 
the axial location of  the peak membrane displacement amplitude 
depends on the frequency.  Hearing loss usually occurs due to a 
SUREOHP�ZLWK�WKH�KDLU�FHOOV�WKDW�DUH�GHÁHFWHG�E\�WKH�PHPEUDQH·V�
GLVSODFHPHQW���,Q�RUGHU�WR�DWWHPSW�WR�À[�WKLV�SUREOHP��LW�LV�FUXFLDO�
to know how the membrane and the hair cells behave in varying 
conditions.
     The cochlea is spiral in appearance, as shown in the insert of  
Figure 1.  As can be seen in the main diagram of  Figure 1, the 
cochlea consists of  three compartments.  Each compartment is 
separated from the others with a membrane between adjacent 
ones.  For purposes of  analysis, the Reissner’s membrane can be 
QHJOHFWHG�GXH�WR�LWV�KLJK�ÁH[LELOLW\���7KH�PHPEUDQH�FDQ�DOVR�EH�
VWUDLJKWHQHG�RXW�� �7KLV�VLPSOLÀHG�PRGHO� LV�VKRZQ�LQ�)LJXUH�����
Pressure is applied at the base of  the membrane, at the stapes. 
    The walls of  the cochlea are rigid.  The cochlea is divided into 

two symmetric compartments: the scala tympani and the scala 
vestibule.  Any increase in cross sectional area in one compart-
ment along the membrane will result in the same cross sectional 
area decrease in the other.  Due to this behavior, the excitation of  
the stapes causes the round window to respond in an equal and 
opposite way.
     A one-dimensional model of  the cochlea assumes that the 
displacement of  the cochlea in the vertical direction is a function 
of  the horizontal distance along the cochlea and the time elapsed 
since the cochlea was disturbed from its rest position, where there 
is no displacement along the cochlea’s length. The analysis of  
the behavior of  this membrane is carried out using the Finite 
Difference Method to determine the pressure difference across 
WKH�PHPEUDQH�DQG�WKH�,PSOLFLW�(XOHU�PHWKRG�WR�ÀQG�WKH�EDVLODU�
membrane’s response.  The analysis is carried out for the time and 
frequency domains.

PROCEDURE
Part 1: Overview of  Governing Equations of  the Cochlea
The analysis method discussed in this report is performed for a 
one-dimensional model.  According to Cohen and Furst (2004), 
the relationship between the second derivatives of  the pressure dif-
ference across the basilar membrane (P(x,t)) and the displacement 
RI �WKH�PHPEUDQH��ƅ%0�[�W���FDQ�EH�UHSUHVHQWHG�E\�

ZKHUH�Ʊ�LV�WKH�GHQVLW\�RI �WKH�SHULO\PSK��ZKLFK�LV�WKH�ÁXLG�LQ�WKH�
cochlea and H, which is the height of  one compartment of  the co-
chlea.  The basilar membrane displacement depends on the pressure 

W

Figure 1: Cross section of  the cochlea (Photo from Encyclopedia 
Britannica)

Figure 2: Model of  the cochlea unwound (Based on diagram from Neely, The 
Journal of  the Acoustical Society of  America)
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applied to the membrane (PBM) as given in the following equation:

where m(x) is the basilar membrane mass per unit area, r(x) is 
the basilar membrane resistance per unit area, s(x) is the basilar 
membrane stiffness per unit area, k is the point along the mem-
brane, and i is current time interval.  In the simplest model of  the 
cochlea, the pressure difference across the membrane (P) is equal 
to the pressure applied to the membrane (PBM).  This is a passive 
modeling of  the cochlea.  The displacement of  the basilar mem-
EUDQH�FDQ�EH�REWDLQHG�LQ�WZR�GLIIHUHQW�GRPDLQV���7KH�ÀUVW�LV�WKH�
time domain, directly using Equations (1) and (2), and the second 
is the frequency domain, which involves converting Equations (1) 
and (2) to be functions of  input frequency instead of  time.  Both 
GRPDLQV�KDYH�WZR�VWHSV�LQYROYHG�LQ�WKH�DQDO\VLV���7KH�ÀUVW�LV�WR�
ÀQG�WKH�SUHVVXUH�RQ�WKH�PHPEUDQH�DQG�WKHQ�XVH�WKDW�SUHVVXUH�WR�
ÀQG�WKH�GLVSODFHPHQW�RI �WKH�PHPEUDQH�

Part 2:  Time Domain Analysis
     Solving for the displacements of  the basilar membrane requires 
two boundary conditions of  the cochlea and two initial conditions, 
obtained when the cochlea is at rest. 
7KH�ÀUVW�ERXQGDU\�FRQGLWLRQ�FRPHV�IURP�WKH�V\PPHWU\�EHWZHHQ�
the two chambers of  the cochlea.  The cross sectional area of  
WKH�W\PSDQL�DQG�YHVWLEXOL�DUH�WKH�VDPH�DW�[ ����6LQFH�WKH�ÁXLG�
is incompressible, the speed will increase or decrease based on 
the cross sectional area.  At the initial position, the areas are the 
same, making the velocities equal in magnitude, but moving in 
opposite directions:

where UV is the velocity of  the vestibuli, UT is the velocity of  the 
tympani, and f(t) is the velocity of  the stapes.  The second bound-
ary condition is at the end of  the cochlea.  There is a gap at the 
end where there is no pressure difference:

At time t=0, the cochlea is at rest and is not moving, which gives 
the two initial conditions needed for the time domain

(2)

and

Equations (1) and (2) can be combined to obtain:

where

and

7KH�ÀQLWH�GLIIHUHQFH�PHWKRG�LV�XVHG�WR�DSSUR[LPDWH�WKH�VHFRQG�
derivative in Equation (7).  The second derivative of  the pressure 
at point k along the membrane can be represented as:

where h is the step size along the membrane in the horizontal 
direction.  Combining Equations (7) and (10) and simplifying, the 
following pressure relation is obtained:

This relation is valid for all points along the membrane, except for 
the points at the beginning and the end of  the cochlea.  The bound-
ary condition at the beginning of  the cochlea is used to obtain a 
relation between the pressure at points k=0 and k=2, which can 
then be substituted into Equation (11).  As shown in Appendix A, 
the boundary condition in Equation (3) is used to obtain a rate of  
change of  the pressure:

Solving for P0 and substituting into Equation (11) gives the pressure 
relation for the beginning of  the cochlea:

The second boundary condition, Equation (4), is used for the end 
of  the cochlea.  Equations (4), (11), and (13) are grouped together 
to form Aconst and Bconst to be used to solve the matrix equation:

where x is the vector of  pressures along the cochlea, Aconst is a 
PDWUL[�IRUPHG�IURP�WKH�FRHIÀFLHQWV�LQ�IURQW�RI �WKH�SUHVVXUH�WHUPV�

Figure 3: Boundary Conditions of  the One Dimensional Model of  the Cochlea.
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and B
const

 is a vector of  the constants in equations (4), (11), and 
(13).  Equation 14 represents:

Equation (15) is solved using Gaussian Elimination.  This process 
uses elementary row operations to solve for all of  the pressures.  
7KH�ÀUVW�VWHS�LQ�WKH�*DXVVLDQ�(OLPLQDWLRQ�LV�WR�VWDUW�ZLWK�WKH�ÀUVW�
row and use the on-diagonal elements to eliminate the element that 
is directly below it in the Aconst matrix.  Any operation that oc-
curs in the Aconst matrix must also be done to the Bconst vector.  
Once all of  the below-diagonal elements have been eliminated, an 
upper triangular matrix remains.  Back substitution is then used 
to solve for the pressures.  Back substitution uses the last row to 
begin solving for the pressure since there is only one element in 
the row.  This element times the pressure is equal to the last entry 
of  the Bconst vector.  This pressure can then be solved for and 
used to solve for the second to last pressure in the row above it, 
which involves two pressures, one of  which is already known.  This 
process is continued until all pressures are solved for.
     After the pressures at each point along the membrane have 
been calculated, the displacements and the rates of  displacement 
for the next time step must be calculated using these pressures.  
These values are found using the Implicit Euler Method to solve 
Equation (2), as outlined in Appendix B.  The equations for the 
response of  the membrane for the next time step are given by:

and

where t is the time step size.

Part 3: frequency Domain Solution
     The second method to analyze the behavior of  the membrane 
is to use the frequency domain.  For this method of  solving, there 
is a frequency applied to the membrane.  This frequency causes the 
displacement of  the membrane.  When analyzing in the frequency 
domain, the analysis is carried out at a steady state, meaning that 
all of  the initial transients of  the system have died out.
�����7KH�ÀUVW�VWHS�LQ�WKH�DQDO\VLV�LV�WR�FRQYHUW�WKH�IXQFWLRQV�WKDW�DUH�
dependent on time to functions of  the frequency.  The pressure, 
basilar membrane displacement, and acceleration are all functions 
of  time, as are Equations (1) and (2).  This conversion is done using 

the relationships shown in Equations (18)-(20):

and

Using Equations (18) and (19) and their derivatives, the governing 
equations can be rewritten as:

and

For the frequency domain, two boundary conditions are needed to 
solve for the pressures and the membrane displacements.  These 
are obtained by converting the time domain boundary conditions 
to the frequency domain.  The boundary conditions for the fre-
quency domain are:

and

Solving Equation (22) for the displacement and substituting it into 
(TXDWLRQ�������ZKLOH�XVLQJ�WKH�ÀQLWH�GLIIHUHQFH�PHWKRG�WR�VLPSOLI\�
the second derivative of  the pressure, gives:

where:

Equation (25) is valid for all points along the membrane except 
IRU�WKH�YHU\�ÀUVW�DQG�ODVW�SRLQWV���$W�WKH�ÀUVW�SRLQW��WKH�ERXQGDU\�
FRQGLWLRQ�PXVW�EH�DSSOLHG���8VLQJ�WKH�ÀQLWH�GLIIHUHQFHV��(TXDWLRQ�
(24) can be rewritten as:

Combining Equation (27) with (25), the pressure relation for the 
ÀUVW�SRLQW�LV�

The boundary condition at the end of  the membrane gives the 

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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pressure equation for the last point on the membrane:

Equations (25), (27) and (29) are combined to form the matrix 
equations shown below:

As in the time domain, Equation (28) is solved using Gaussian 
Elimination to obtain the average pressures on the membrane.  
Once these pressures have been obtained, the displacement of  the 
membrane can be calculated using the equation:

RESULTS: PARAMETERS USED
The parameters for the system were the same for both the time 
and frequency domains.  The values used are those used by Neely 
(1981).  These parameter values are shown in Table 1.
Four different excitation scenarios are considered: continuous ex-

citation, build-up excitation, dual pulse excitation, and impulse 
excitation.

Case 1: Continuous Excitation

�����7KH�ÀUVW�FDVH�WKDW�LV�FRQVLGHUHG�LV�WKDW�RI �D�FRQWLQXRXV�H[FLWD-
tion.  For this case, the excitation begins immediately at its full 
amplitude without any gradual build-up.  The velocity is applied 
to the membrane at a rate of:

where Ast, the amplitude of  the input displacement, is 0.10 cm 
and fst is the input frequency of  the system, in Hz.  The velocity is 
then used to calculate the acceleration of  the stapes, a sample of  
which is shown in Figure 4. The acceleration continues unchanged 
for the duration of  the analysis.   The analysis is carried out for a 
range of  input frequencies.  Figure 5 shows the displacement of  
the membrane as a function of  time and distance along the mem-
brane at a frequency of  1600 Hz.  There are two initial  peaks for 
WKH�GLVSODFHPHQW�RI �WKH�PHPEUDQH���%HWZHHQ�WKH�ÀUVW�SHDN�DQG�
the apex, the displacement of  the membrane should be negligible.  
This model of  the membrane suggests that there is an additional 
transience present.  This dies away as the time elapsed increases.  
As the frequency increases, the time for the transience to die out 
also increases.

Results Case 2: Build-up Excitation
     In the second case, a variation of  the sine wave input is applied to 
the cochlea in order to minimize the presence of  the extra transient 
peak.  This input did not start at full amplitude immediately as the 
continuous sine wave did.  This input begins at zero and increases 
to full amplitude and then, after a number of  cycles, decays back to 
zero, as shown in Figure 6.  This velocity of  the wave is modeled 
by the two equations:

and

ZKHUH�ơ�LV�DQ�H[SRQHQWLDO�FRQVWDQW�XVHG�WR�FRQWURO�WKH�UDWHV�RI �
growth and decay before and after steady state, t is the current time, 
tstart is the time at which the pulse begins to change from zero, tstop 
is the time at which the pulse has again become zero, and tmiddle is 

(29)

(30)

(31)

(32)

Figure 4: Acceleration as a function of  time for the 1600 Hz continuous pulse 
input.

Figure 5: Displacement of  the basilar membrane as a function of  time 
elapsed and distance along the membrane.

(33)

(34)
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the halfway point between the beginning and the end of  the pulse.  
Figure 7 shows the membrane response for a 1600 Hz input.  The 
SXOVH�VKRZQ�LQ�WKH�ÀJXUH�KDV�D�GXUDWLRQ�RI ����F\FOHV���7KH�H[SR-
nential constant for this model is 1000.  As shown in Figure 7, 
there is almost no extra transience in this model.  The membrane 
displacement increases initially and reaches a steady state (shown in 
Figure 8) and eventually begins to decay back to zero.  As Figures 5 
and 7 show, the short pulse model of  the same amplitude wave is a 
better model.  It is not necessary to carry the analysis out to large 
time values to obtain a steady state with negligible extra transience.
Figure 9 shows the maximum membrane displacement for each 
point along the membrane at 1600 Hz.  At about 2 cm, the mag-
nitude of  the displacement is highest.  This means that for 2 cm, 
the resonant frequency is 1600 Hz.  Each point has a different 
resonant frequency, or each different excitation frequency will have 
the peak displacement at a different point.  The displacement of  
the membrane is negligible between the peak displacement and the 
apex.  This will be true for any frequency excitation sine wave that 
is applied to the stapes.

Results Case 3: Dual Pulse
     A model of  the basilar membrane is also analyzed where two 
short pulses are applied.  The second pulse does not start at the 
VDPH�WLPH�DV�WKH�ÀUVW��DV�VKRZQ�LQ�)LJXUH������7KH�SXOVHV�DSSOLHG�
are modeled by Equations (33) and (34) above.  The results of  this 
DQDO\VLV�IRU�D�ÀUVW�SXOVH�DW������+]�DQG�WKH�VHFRQG�SXOVH�DW�����+]�
are shown in Figure 11.  For the case considered, both pulses last 
IRU�WKLUW\�F\FOHV��WKH�H[SRQHQWLDO�FRQVWDQW��ơ��IRU�WKH�ÀUVW�SXOVH�LV�
1000 and for the second is 500.  The second pulse begins after the 

Figure 6: Acceleration as a function of  time for the 1600 Hz short pulse.

Figure 7: Displacement as a function of  distance along the membrane and 
of  time for a short pulse of  1600 Hz.

Figure 9: Maximum displacement of  membrane for each point along the 
membrane.

Figure 10: Acceleration as a function of  time for the 1600 and 800 Hz 
pulses.

Figure 11: Two pulses applied, one at 1600 Hz and one at 800 Hz.  The 
displacement of  the membrane further from the base of  the membrane is due 
to the 800 Hz pulse, while the closer is due to the 1600 Hz.

Figure 8: Steady state displacement of  the membrane as a function of  
time and distance along membrane.
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ÀUVW�KDV�SDVVHG�WKH�PLGSRLQW�RI �LWV�GXUDWLRQ���7KH�GLVSODFHPHQW�RI �
the peak of  the 1600 Hz pulse increases while the 800 Hz wave is 
on, but the 800 Hz wave is not affected by the presence of  the 1600 
Hz.  This is due to the behavior of  the membrane when a single 
pulse is applied.  After the peak of  the single pulse is reached, the 
displacement almost instantly decays to zero and remains negli-
gible up through the apex, as shown in Figure 9.  The peak of  the 
1600 Hz wave occurs closer to the membrane base than that of  
the 800 Hz, which means that the 1600 Hz wave would not add 
any displacement for the 800 Hz wave after its peak.  The peak is 
higher initially for the 1600 Hz displacement due to the additional 
displacement of  the 800 Hz pulse.

Results Case 4: Impulse Excitation
�����7KH�ÀQDO�PRGHO�FRQVLGHUHG�IRU�WKH�WLPH�GRPDLQ�LV�WKH�LPSXOVH�
input to the cochlea.  For this model, the acceleration is modeled 
as a short triangular wave, as shown in Figure 12.  The impulse 
acceleration is modeled using the following two equations:

and

where t
on

 is the time at which the impulse begins, Period is equal 

to the inverse of  the frequency, and amplitude is the maximum 
displacement that results from the impulse.  The response of  the 
membrane to this acceleration input is shown in Figure 13.  Initially 
when the impulse is applied, the magnitude is the highest.  Without 
any sustained input, the membrane displacement slowly decays back 
towards its rest position.

Results: frequency Domain
     The frequency domain analysis is carried out for eleven dif-
ferent input frequencies: 400, 570, 800, 1130, 1600, 2260, 3200, 
4520, 6390, and 9040 Hz.  Plots of  the maximum displacement 
of  the membrane versus location along the membrane are shown 
in Figure 14.  As the frequency increases, the peak shifts towards 
the base of  the membrane and the maximum displacement of  the 
membrane increases in magnitude.

Results: Domain Comparison, Convergence Analysis, and 
Literature Comparison
     The steady state plot of  the displacement of  the membrane as a 
function of  position should be the same as the plot of  displacement 
versus position for the frequency domain.  Figure 15 shows the plot 
of  the membrane displacement for both the time and frequency 
domains at 1600 Hz.  The 1-D time domain results at steady state 
converges to the frequency domain results.  The 1-D results have 
a lower magnitude peak that is slightly closer to the apex than the 
2-D results.  This difference could be due to the assumptions that 
are made in order to create the one-dimensional model.
The convergence of  the methods used to solve the system in the 
time domain are considered to make the running time of  the MAT-

(35)

(36)

Figure 12: Acceleration as a function of  time for the impulse at a frequency 
of  1600 Hz.

Figure 13: Displacement of  the membrane as a function of  time and distance 
along the membrane for an impulse of  1600 Hz.

Figure 14: Displacement of  the membrane as a function of  position along the 
membrane calculated for various frequencies.

Figure 15: Displacement of  membrane as a function of  the distance along it.  
Results shown for the 1-D Time and Frequency domains and the results of  a 2-D 
frequency analysis.  The 2-D analysis was done by Yanju Liu of  the University of  
Rochester.
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LAB code as short as possible while still generating acceptable 
results.  This convergence analysis is carried out for the single 
SXOVH�H[FLWDWLRQ���7KH�ÀUVW�IDFWRU�FRQVLGHUHG�LV�WKH�QXPEHU�RI �
points that the membrane is divided into.  The number of  points 
ranged from 51 to 601.  The results of  the analysis with varying 
total number of  points are shown in Figures 16 and 17.  This part 
of  the convergence analysis is done keeping the number of  time 
steps constant at 800,001 and only varying the number of  points.  
As seen in Figure 16, it is hard to see the difference between the 
results when considering the entire displacement curve.  There-
fore, it is necessary to consider the portion of  the curve where 
the peak displacement occurs, as shown in Figure 17.  Having 201 
SRLQWV�DORQJ�WKH�PHPEUDQH�DOORZHG�IRU�VXIÀFLHQW�DFFXUDF\�IRU�WKH�
purposes of  this analysis.  
     The second part of  the convergence analysis is to determine 
the optimal number of  time steps for the analysis to be carried 
out at.  This is done for time steps totals ranging from 200,001 to 
2,400,001, while keeping the number of  points along the membrane 
constant at 401 points.  The results of  this analysis are shown in 
Figures 18 and 19.  As shown in Figure 18, it is only immediately 
apparent that 200,001 time steps are not adequate for the analysis.  
Figure 19 shows that 1,600,001 time steps are about the minimum 
number of  time steps that should be used.  Increasing the number 
of  points along the cochlea and increasing the number of  time 
intervals causes the membrane displacement to converge. 
7KH�IUHTXHQF\�GRPDLQ�DQDO\VLV�FDQ�EH�FRPSDUHG�WR�VLPLODU�ÀJXUHV�
from previous analysis done with this model.  Since the parameters 
used in this paper are from Neely’s experiments, the frequency 
results are compared to the results from his 1981 paper, shown 

Figure 16: Varying the number of  points along membrane while holding 
the time steps constant.

Figure 17: Close up of  peak displacement for varying number of  points 
along membrane.

Figure 18: Varying the number of  time steps while holding the points 
along the membrane constant.

Figure 19: Close up of  peak displacement for varying number of  time 
steps.

Figure 20: Plot of  magnitude of  displacement as a function of  the position 
along the membrane for various frequencies with a reference amplitude of  1 
cm (Plot from Neely (1981), Journal of  the Acoustical Society of  America).

Figure 21: Frequency domain results converted from centimeters to decibels.
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in Figure 20.  In order to compare the frequency domain results 
shown in Figure 14, the displacement must be converted from 
centimeters to decibels.  The conversion between the two is given 
by the equation:

where LdB is the displacement of  the membrane in decibels, A1 is 
the membrane displacement in cm, and A0 is the reference ampli-
tude, 1 cm for this analysis.  The frequency analysis must be rerun 
using the input amplitude (Ast) as 1 cm instead of  0.1 cm.  The plot 
of  the converted displacements for various frequencies is shown 
in Figure 21.  As can be seen, Figures 20 and 21 are very similar, 
meaning that the frequency analysis yields roughly the same results 
as Neely’s analysis.  The slight variation in location of  the peaks is 
due to assumptions made to make the 1-D model.  Since the results 
of  the time domain and the frequency domain for a single sine wave 
are the same, as seen in Figure 15, the time domain results are also 
consistent with Neely’s work.

CONCLUSIONS AND fUTURE WORk
     The membrane behaves differently for different excitations.  
When a continuous wave excitation is applied, the membrane has 
a large transience.  A single built-up pulse does not have the tran-
sience of  the continuous wave, but has the same steady state.  For 
dual pulse excitations, the lower frequency displacement adds to the 
higher frequency displacement of  the membrane since the resonant 
peak of  the higher frequency excitation is closer to the base.  An 
impulse causes a large displacement initially and then gradually dies 
out.  For single pulse excitation, the frequency and time domain 
should have the same displacement curve at steady state.
�����7KHUH�DUH�PDQ\�SRWHQWLDO�VRXUFHV�IRU�HUURUV���7KH�ÀUVW�LV�WKH�
parameters chosen.  Choosing different parameter values will give 
different results than those obtained in this analysis.  A second 
potential for error is the limitation on how small the time interval 
can be; any solution will be an approximation of  how the mem-
brane responds.
     Future work for the 1-D analysis is to use the same technique 
to analyze the active model of  the cochlea, where the pressure 
difference across the membrane (P) is not equal to the pressure 
applied to the basilar membrane (PBM).  

Appendix A: Conversion of  the first Boundary Condition

Appendix B: Derivation of  Implicit Euler Equations
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